New expressions for the fourth, fifth, and sixth virial coefficients are obtained as sums of modified star integrals. The modified stars contain both Mayer f functions and Jfunctions U= f+ 1). It is shown that the number of topologically distinguishable graphs occurring in the new expressions is about half the num ber required in previous expressions. This reduction in the number of integrals makes numerical calculation of virial coefficients simpler and more nearly accurate. For particles interacting with a hard-core potential, values of the modified star are shown to depend strongly on dimension; for example, several modified star integrals are zero for hard disks (two dimensions), but give nonzero values for hard spheres (three dimensions).
INTRODUCTION
Because the number of terms in Vn, as well as the difficulty in evaluating grows rapidly with n, T HE virial expansion of the pressure P of an im only the first few virial have been evaluated perfect gas is a power series expansion in the num for" realistic" potentials. For the hard-sphere gas, the ber density! p(=N/V),
following exact results are known 3 ,4: PV/(NkT) 1+B2P+Bap2+B4jJ3+ •.. , 
n! v..,."" the 10 types of star integrals occurring in Bo. For a two-dimensional gas composed of hard disks, the first three coefficients are known exactly6; (3) disks:
exp( -<PiJ!kT) 1·
( 4) I 0.78200, (6) where the sum in (3) includes all labeled stars with n where rr is the disk diameter. B 4/bo=O.5327±0.0005 points. 
Of----~~~---------
and B5/b4=0.312+0.016 were obtained for disks by Metropolis et al. 6 using Monte Carlo integration.
As was observed by the above authors and also by Hoover and De Rocco' in calculating B n $7 for the parallel hard-square and hard-cube models, the con tribution of star integrals with positive values to is approximately equal to the contribution of star inte grals with negative values. The final value for En is about the same order of magnitude as the contribution of a complete star integral alone; the complete star integral has the smallest absolute value of all the star integrals involved in calculating Bn. We present, in the follov:ring section, an alternative way of evaluating the virial coefficients. This new approach is particu larly useful in the numerical calculation of virial co efficients beyond the third. In Sees. 3 and 4, this method is used to evaluate B5 and for hard spheres and hard disks. It is found that the main contribution to Bo and B6 comes from the complete star integral, while other graphs, some positive and some negative, give smaller corrections. It is also shown that (de pending on the dimensionality of the particles) some of the modified star integrals in this formalism are identically zero. In Sec. S, we estimate for hard spheres and hard and discuss the convergence of the vidal series along the fluid branch of the equation of state.
MODIFIED STARS
We introduce the function J;j defined by the equation 
Whenever two points i and j in a star are not con nected by jii> we use (8) to introduce into the star. When this procedure is carried out all un connected pairs of points in any particular star and the resulting expression is expanded, we find that the star can be written as a sum of modified stars composed of two kinds of lines, jii (denoted by a straight line between i and j), and fij (denoted by a wiggly line between i andj). When this procedure is applied to all of the labeled stars occurring in a particular B n , many of the graphs cancel out identically. Details of the ex pansion for the four-, five-, and six-point stars are given in Appendix 1. The final expressions for V 4 , V o , and V6 are as follows: 
As a second example, the graph 0 in (9), (10) J and (11) denotes complete stars of four, and six points, respectively. For V4, Vu, and Vo there are, respectively, 3, 10, and S6 topologically different of stars, while here we see that the corresponding modified expressions (9), (10), and (11) contain, respectively, 2, 5, and 23 topologically different types of modified stars. It is not possible at present to predict, in the general case, the of modified stars which will occur in Vn , nor can we predict the mUltiplicative factors which will be associated with these modified stars. [ 
where Sen, k) denotes the number of labeled stars of 12 points and k lines (J functions). We also notice that -the sum of the positive coefficients of modified stars contributing to Vn is always one greater than the sum of the negative coefficients of such modified stars.
HARD SPHERES AND HARD DISKS
For particles interacting with the hard-core potential of Fig. 1 average of a number (ulliabeling factor) of topologically identical but differently labeled star integrals. This is equiv alent to evaluating a particular labeled star integral using a number of trial configurations equal to (100 OooXunlabellng factor) for each batch.
for hard disks, (20) (23) are known. It must be emphasized that (20), (21) and (22) N ext, we consider a three-dimensional system of hard spheres with diameter cr. All contributing modified star integrals with four or five points are geometrically allowed. Of the six-point modified diagrams, one dia gram contributing to Be is zero for geometrical reasons (see Appendix II),
For graphs with larger n> 6, more modified stars have zero valued integrals.
MONTE CARLO CALCULATIONS
According to Relations (20) , (21), and (22), some of the integrals required for evaluating BD and B6 are zero. Therefore, we can limit our attention to the re maining integrals. For spheres, it is necessary to evalu ate 5 and 22 modified star integrals for and Be, re spectively; for disks the corresponding numbers are 4 and 15. These integrals present formidable geometrical problems in 8-, 10-, 12-, and 15-dimensional spaces. We therefore evaluate them by a Monte Carlo method an IBM 7090 computer. To make a "trial con figuration" we place Particle 1 at the origin and Par ticles 2, "', n randomly within a circle or sphere of diameter (2n-2)cr, with the conditions f;,i+l = 1 for i=l, "', n-1. Next, the remaining distances between pairs of particles are checked to see if any modified stars occurring in Bo or B6 correspond to this Values for E6/1f>:
• The unlabeling factor is the number of ways a modified star graph can be l~beled and still satisfy the Monte Carlo trial configuration conditions, /12=/"= Be and the modified star integrals for spheres (disks) are calculated from 60 (38) independent batches, each of which contains 100000 Monte Carlo trial -. .
configurations. Each modified star inte"ral is the average of a number (un labeling factor) of topologicallY identical but differently labeled star integrals. This is equivalent to evaluating II particular labeled star integral using a number of trial configurations equal to (l00 OOOXunlabeling factor) for each batch.
.... , ,
In (25), b is B 2 , (fa for spheres and (1T/2)(f2 for the factor ( ) 13 corresponds to the number of / functions in (25). In practice the (20) other possible labelings of 11 consistent with 1 are counted too, and the corresponding inte are averaged. We call the number of ways a wiggly-line graph can be labeled subject to the restric tion /12=/23=/34=/45=/5v= -1 the "unlabeling factor" for that graph. The corresponding unlabeling factors for the other modified star graphs are listed in Tables  I and II . The unlabeling improves the efficiency of the Monte Carlo method. Of the modified stars contributing to B 6 , only the configuration W cannot be con structed with the type of trial configuration we have just described. We attempted to evaluate this integral separately. Trial configurations were selected with the following restriction:
Out of 210000 such configurations none satisfied the required configuration. From this we conclude that this modified star integral is orders of magnitude smaller than those which we evaluated. We omit this type of wiggly-line integral from the B6 calculation with an error negligible relative to the uncertainty in our final result. Tables I and II Tables I and II . The estimated errors are essentially independent of q for the same total number of Monte Carlo trial configurations. Each of these Monte Carlo trial configurations satisfies the restrictions of at most one of the modified stars contributing to the virial coefficient expressions (10) and (11).
DISCUSSION
Several aspects of the modified star integrals given in Tables I and II are notable. First, the complete star integrals have the largest absolute values of all the star integrals shown. The complete star integrals always make positive contributions to the virial co efficients. Second, the next seven modified star integrals contributing to B6 (Table II) give non positive correc tions. The net negative correction made by these terms II The mean-square expected deviation of a quantity from the exact value I is «( (I)-I) contributes significantly to Be, and may become large and the six-term virial series, a Pade approximant, and t e molecu enough to give negative Bn for larger values of n, be lar dynamics results CMD) on the fluid branch of the equation cause the factors multiplying these graphs increase rapidly with n. Third, the next largest integrals among the modified star integrals are the ring graphs, which are formed by 12 f functions and ~n(n-3)J functions. If the virial series converges to the true pressure in the density range of the first-order Buid-solid phase transition,l2,12 some of the higher \>1rial coefficients must be negative in order to describe a Bat or looped isotherm in the P-V diagram. It is inter esting therefore to know the density range within which the five-or six-term virial series is a good approxima tion to the complete infinite series. In Figs. 2 and 3, -. the known values of B2 through Be:
In the case of disks, the six-term virial series pressure is considerably below (25%) the molecular dynamics pressure on the fluid side of the two-phase region (V= 1.312Vo). We therefore expect the next several coefficients for disks to be positive. It is interesting, but probably not to note that the sphere Bn from (28) From (30) we see that has the first negative sign, and the sign of the sphere Bn changes roughly every 16 terms, while the disk B,. from (29) are all positive, Strangely enough, the denominator of (29) is (to six significant figures), a perfect square (1-0.489351bp) 2. We note that values of the six-term vidal series agree within 1% with the molecular dynamics results for hard spheres and disks at volumes greater than twice closest-packed. The values of the Pade approximants agree even better with the dynamics data. The agree ment with the fluid branch is good even at phase transition densities (Tables III and IV) . However, the Pade approximants do not show any maxima or minima on the P-V diagram. The Pade approximant method has proved to be very accurate in estimating critical parameters for Ising lattice problems. 
The exact evaluation of B7 by integrating the modi fied star integrals occurring in V7 is now in progress for both spheres and disks. 14 G. A. Baker, Jr., Phys. Rev. 124, 768 (1961) . 15 J. W. Essam and M. E. Fisher, J. Chern. Phys. 38, 802 (1963) . 16 P. Heller and G. B. Benedek, Phys. Rev. Letters 8, 428 (1962) . 17 C. Domb and M. F. Sykes, J. Math. Phys. 2, 63 (1961); 3, 586 (1962 This appendix gives the detailed transformation of the star integrals into modified star integrals. To the right of each labeled star type are listed the modified stars arising from it. The number of ways each type of star can be labeled is taken into account so that the entries in Tables V-VII give the total number of times each modified star integral appears when all of the Mayer labeled stars are expanded and the contribu tions added together. In this appendix we prove that three distinct modified star integrals are zero.
Proof 1:
( For convenience we take the disk diameter to be unity. In 
and (37) TABLI<; VI. Transformation of the five-point labeled stars to modified stars. Equation ( ( Referring to Fig. 4 , we have the condition 1::;1'12<Y~ because 1'34(> 1) must lie within the area A/BACA' common to the two unit circles. The restrictions 1'15, 1'16, 1'25, and 1'26?:.1 place Particles 5 and 6 outside both unit circles in Fig. 4 , Evidently 5 and 6 must both lie below or above the unit circles to 1'56 < 1. We place them below, in the vicinity of A. But, since both 1'36 and 1'45 must be less than unity, Particles 3 and 4 must lie inside the shaded area ABCA. This violates the condition 1'34> 1. Therefore, the integral corre sponding to the above configuration is zero. The proof is equally valid for any n> 6.
Proof 3:
It can be shown that the area of any cross section within the volume common to three unit spheres centered at the points 1, 2, and 3 satisfying 1'12, 1'l3, and 1'23> 1) is contained in an area common to two unit circles whose centers are separated by at least unit distance. However, we cannot place the triangle 456 (with 1'46, 1'46, and 1'66> 1) inside such an area. Therefore, the corresponding integral is zero. This proof is equally valid for any n> 6. 
